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Zeno’s paradoxes

I’m following Salmon (2001a, 9–15) in the presentation of the paradoxes; Salmon closely follows
Russell’s “lecture VI” of his 1914 (separately reprinted in Salmon (2001b, 45–58)), entitled “The
Problem of Infinity Considered Historically”.
1. Achilles and the tortoise.

• In order to overtake the tortoise, Achilles must run from his starting point to the tortoise’s
original starting point T0.

• While he is doing this, the tortoise will have moved ahead to another point T1.
• While Achilles is covering the distance from T0 to T1, the tortoise moves still farther to T2.
• And so on.
• Whenever Achilles arrives at a point where the tortoise was, the tortoise has already moved

a bit ahead.
• Hence, Achilles will never catch up with the tortoise.

2. The Dichotomy, first form.
• In order even to get to the end point of the course T0 = 1, he must first cover the first half

of the stretch to T0, i.e. get to T1 = 1/2.
• In order to get to T0, he then has to cover half of the remaining distance, up to T2 = 3/4.
• In order to get to T0, he then has to cover half of the remaining distance, up to T2 = 7/8.
• And so on.
• In order to get to T0, Achilles has to complete an infinite number of runs.
• Hence, Achilles will never reach T0.

2. The Dichotomy, second form.
• In order to complete the full distance to T0, Achilles has to run the first half of it.
• In order to complete the first half of the distance to T0, Achilles has to run a quarter of it.
• In order to complete the first quarter of the distance to T0, Achilles has to run an eighth

of it.
• And so on.
• Hence, Achilles cannot even get started.

3. The Arrow.
• Let a be an arrow in flight.
• At any given instant, a is where it is, occupying a portion of space equal to itself.
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• During the instant a cannot move, for that would require the instant to have parts, because
a would have to be in one place at one part of the instant, and in a different place at another
part of the instant.

• (Moreover, for a to move during the instant would require that during the instant a must
occupy a space larger than itself, for otherwise a has no room to move.)

• This holds of all instants.
• Hence, a is always at rest.

4. The Stadium. Consider three rows of objects, arranged in the following way:

A1 A2 A3

B1 B2 B3

C1 C2 C3

While row A remains at rest, rows B and C move in opposite directions, until all three rows are
lined up as shown here:

A1 A2 A3

B1 B2 B3

C1 C2 C3

In the process, C1 passes twice as many B’s as A’s. Suppose space and time are atomistic in
character (being composed of space-atoms and time-atoms of non-zero size). If the B’s and the
C’s move at the same speed, ie. at the rate of one place per instant, then C1 gets past B2 without
ever passing them: C1 begins at the right of B2 and ends up at the left of B2, but there is no
instant at which it lines up with B2.
5. Plurality (elaborated version).

• If extended things exist, they must be composed of a plurality of parts.
• These parts are extended, so they must themselves have parts.
• And so on.
• So there is an infinity of parts.
• There must be some ultimate parts (parts that do not themselves have parts).
• These ultimate parts cannot have a magnitude (because otherwise they could be further

divided).
• If the ultimate parts have no magnitude, then the object they compose cannot be extended.
• If the ultimate parts do have a magnitude, then the object they compose must have an

infinite magnitude.

Not easily solved by the modern calculus

Peirce was not impressed by the Achilles paradox:

…this ridiculous little catch represents no difficulty at all to a mind adequately trained
in mathematics and logic. (Peirce, 1935, 177)

It is true that contemporary mathematics stipulates that the sum of a convergent infinite series
is the limit of the sequence of its partial sums. But even if we know how to add convergent series
of numbers, it is not clear that the mathematics of R is applicable to physical space, physical
time or physical space-time.
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Black (1951, 93) has offered a persuasive criticism of the claim that modern mathematics has
‘solved’ the paradoxes:

[The mathematical ‘solution’] tells us, correctly, when and where Achilles and the
tortoise will meet, if they meet; but it fails to show that Zeno was wrong in claiming
they could not meet. Let us be clear about what is meant by the assertion that the
sum of the infinite series 100 + 10 + 1+ 1

10 + 1
100 + . . . is 111 1

9 . It does not mean, as
the naive might suppose, that mathematicians have succeeded in adding together an
infinite number of terms. […] To say that the sum of the series is 111 1

9 is to say that
if enough terms of the series are taken, the difference between the sum of that finite
number of terms and the number 111 1

9 becomes, and stays, as small as we please.

Whitehead’s lesson: becoming is not continuous

Whitehead has seen in these paradoxes a proof that temporal processes are discontinuous:

…if we admit that ‘something becomes,’, it is easy, by employing Zeno’s method, to
prove that there can be no continuity of becoming. There is a becoming of continuity,
but no continuity of becoming. The actual occasions are the creatures which become
and they constitute a continuously extensive world. In other words, extensiveness
becomes, but ‘becoming’ is not itself extensive. ((Whitehead, 1929, 53) / (Whitehead,
1978, 35))

In sct. II of ch. II of part II, Whitehead elaborates:

The argument [of Zeno], so far as it is valid, elicits a contradiction from the two
premises: (i) that in a becoming something (res vera) becomes, and (ii) that every
act of becoming is divisible into earlier and later sections which are themselves acts
of becoming. Consider, for example, an act of becoming during one second. The
act is divisible into two acts, one during the earlier half of the second, the other
during the later half of the second. Thus that which becomes during the whole second
presupposes that which becomes during the first half-second. Analogously, that which
becomes during the first half-second presupposes that which becomes during the first
quarter-second, and so on indefinitely. Thus if we consider the process of becoming
up to the beginning of the second in question, and ask what then becomes, no answer
can be given. For, whatever creature we indicate presupposes an earlier creature
which became after the beginning of the second and antecedently to the indicated
creature. Therefore there is nothing which becomes, so as to effect a transition into
the second in question. ((Whitehead, 1929, 106) / (Whitehead, 1978, 78))

Salmon (2001a, 18) paraphrases this as follows:

An act of becoming is an indivisible unit; if you subdivide it in any way the resulting
parts are not smaller acts of becoming.

Whitehead himself puts it this way:

The conclusion is that in every act of becoming there is the becoming of something
with temporal extension; but that the act itself is not extensive, in the sense that it
is divisible into earlier and later acts of becoming which correspond to the extensive
divisibility of what has become. ((Whitehead, 1929, 107) / (Whitehead, 1978, 79))
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But what is becoming then? How can something temporally extended come into being by an
‘act’ which is does not have temporal extension? Whitehead tries to explain this by saying that
what comes into being is ‘divisible’ into different aspects (‘prehensions’) which ‘concern’ different
parts of its temporal extension, but it is difficult to make sense of this.
Perhaps some light can be shed on this by comparing it to what Dowty (1978) and others have
called the “imperfective paradox” (I prefer to call it a puzzle). Briefly, the puzzle is this: how
can we characterize the meaning of a progressive sentences like “John was crossing the street” on
the basis of the meaning of a simple sentence like “John crossed the street” when the first can
be true of a history without the second ever being true (poor John is hit by a car)?

Russell’s lesson: the at-at theory of motion

If we define with Cauchy the derivative as a limit rather than a ratio of infinitesimals and take
motion to be (not just: to be mathematically represented by) a function from instants of time to
points in space, we get a ‘static’ view of dynamic processes:

Weierstrass, by strictly banishing all infinitesimals, has at last shown that we live in
an unchanging world, and that the arrow, at ever moment of its flight, is truly at
rest. The only point where Zeno probably erred was in inferring (if he did infer) that,
because there is no change, therefore the world must be in the same state at one time
as at another. The consequence by no means follows …(Russell, 1903, 347)

Russell thus accepts Zeno’s description of the arrow as forever at rest, but denies that this means
that he is not moving over time: moving over time, according to Russell, just is being successively
located at different places.
The at-at theory, however, is problematic:

• The at-at theory holds that the velocity of a moving body at an instant is grounded in its
subsequent locations: the body has the velocity it has because it is at these different places
at different times. According to an alternative theory, the explanatory relation holds in the
other direction: the velocity explains, rather than is explained by, the different locations.

• It is unclear that it affords us the resources needed to distinguish a rotating homogeneous
disk from a stationary one.

• It does not distinguish between the state of a pendulum at rest and the state of a pendulum
at one of the end-points of its swing.

• It gives us a notion of instantaneous velocity which is extrinsic: the velocity an object has
at an instant depends on where it is before and after that instant.

spinning disk, end-point of the swing of a pendulum, instantaneous motion.

Black’s lesson: the problem of hypertasks

Black saw the difficulty raised by Zeno’s paradoxes as concerning the theory of action: does it
make sense to suppose that someone has completed an infinite series of distinct runs? According
to Black, it does not:

The logical difficulty is that Achilles seems called upon to perform an infinite series
of tasks; and it does not help to be told that the tasks become easier and easier, or
need progressively less and less time in the doing. Achilles may get nearer to the
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place and time of his rendezvous, but his task remains just as hard, for he still has
to perform what seem to be logically impossible. (Black, 1951, 94)

In support of Black, Thomson (1954) illustrates this impossibility with the example that has
become known as ‘Thomson’s lamp’: suppose a lamp is switched on and off an infinite number
of times, during a finite time. At the end of that time: is it on or off? It cannot be on, because
it was turned off again every time it was turned on; it cannot be off, because it was turned on
again every time it was turned off. But it must be on or off, there is no other possibility.
If an infinity of actions cannot be done, how can I ever do something? We’re back at Zeno.

Background 1: the line and the points

In Physics VI.1, Aristotle concludes from a discussion of Zeno’s paradoxes that the (real) line
is not composed out of points. The details are murky: I understand that Aristotle thought the
line is prior to the points, the points are abstractions from the line. But why think either that
this implies that the line is not composed out of the points or even that the latter is true? Why
think the points are not parts of the line?
And can we tolerate such big a discrepancy between modern mathematics and the physical reality
we use it to describe?

Background 2: the metaphysics of persistence and the problem of change

Things change: we grow older, acquire new properties and loose old ones, until we eventually
die. This much is certain. The problem of change is to understand how this is possible. How
can one and the same thing have incompatible properties? The problem, as it is the case with
many others, may be alternatively put as an inconsistent set of intuitively plausible claims or as
a paradox (plausible inference from plausible premisses to an implausible conclusion).
The inconsistent quatuor:

(i) If there is change, it is in respect to one and the same thing.
(ii) If there is change, it is in respect to one and the same property.
(iii) There is change.
(iv) Nothing both has and lacks the same property.
Denying each one of the premisses comes at a considerable price: denying (i) violates what they
call “the proper subject condition”, denying (ii) makes all change extrinsic, denying (iii) implies
commitment to a certain kind of Parmenideanism, while denying (iv) violates the principle of
non-contradiction.
The transformation into a paradox is immediate:

(i′) If there is change, it is in respect to one and the same thing.
(ii′) If there is change, it is in respect to one and the same property.
(iii′) Nothing both has and lacks the same property.
(iv′) Hence, nothing ever changes.
Change is problematic because it both seems real and impossible. It seems real because if there
were no change, you could not convince anyone that there is no change, so we would all already
believe it, which we don’t. It seems impossible because to say that there is change is to say that
some thing has a property […1] and also lacks it […2], which is a contradiction, hence not possibly
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true (and to understand why inserting “at one moment” for “…1” and “at another moment” for
“…2” should do away with the contradiction just is the problem of change).
The ordinary concept of change seems to be internally inconsistent, or, at least, pulls us in
different directions: for change, we need both constancy, of both objects and properties (blue
lines), and variation, of being had and being lacked of the very same property by the very same
thing (red line):

a a

F F¬

2

 
1

3

The problem of change is that the same pattern of sameness and difference is exhibited by the
scenarios ruled out by the principle of non-contradiction, i.e. something’s both having and not
having the very same property.
According to Haslanger (2003), the puzzle of change arises from the inconsistency of the following
five claims:

1. Persistence condition: Objects persist trough change.
2. Incompatibility condition: The properties involved in a change are incompatible.
3. Law of non-contradiction: Nothing can have incompatible properties, i.e. nothing can be

both P and not P .
4. Identity condition: if an object persists trough change, then the object existing before

change is one and the same object as the one existing after the change; that is, the original
object continues to exist through change.

5. Proper subject condition: The object undergoing change is itself the proper subject of the
properties involved in change.

Because there is change (1), objects persist (4) and the properties which they (5) have are
incompatible (2) which is impossible (3).
The two main families of ‘solutions’ to the problem of change replace one of the blue lines above
by a red one, denying either the incompatibility of the properties involved (2) or the numerical
identity of the persisting object (4). The first view – endurantism – typically time-indexes the
property: the thing is then said to ‘change’ from having F -at-t1 to lacking F -at-t2. This turns
line 1 red: the two properties, having F -at-t1 and having F -at-t2 are not the same – what is had
before the change is not what is lacked after it.1 The second view either postulates temporal
parts and attributes the properties to their whole (perdurantism: a is said to ‘change’ by having
a temporal part that is F at t1 and another temporal part that is not F at t2) or postulates
temporal parts and attributes the properties to them (exdurantism: a is said to ‘change’ by there
being short-lived things a-at-t1 and a-at-t2 that are and are not F respectively). The problem
with these solutions that none of them leaves room for change – which is why the occurrences of
this word above are in scare quotes.

1. Or rather: if it is lacked after it, it is not because there was a change – having F -at-t1 is also lacked, at t2,
by a thing that remained F throughout.
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