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Truth and Falsity
According to the orthodox conception, every truth-apt sentence that is not true is false and every
truth-apt sentence that is not false is true. This follows from the following three principles:

• The principle of bivalence which says that any truth-apt sentence is either true or false,
i.e. that there is no third truth-value.

• The principle of non-contradiction which says that for no sentence both it and its nega-
tion are true, i.e. that if the sentence is true, its negation is not and vice versa.

• The principle of the excluded middle which says that for any truth-apt sentence, either
it or its negation is true.

If we picture the logical space for truth-values as a square,

true false

our three principles tell us to sort all truth-apt sentences and their negations into exactly one of
the two halves.

• The principle of bivalence tells us that every sentence will be placed either in the left or
in the right square;

• The principle of non-contradiction tells us that no sentence is placed in both squares at
once;

• The principle of the excluded middle tells us that if we place a sentence into one of the
squares, we have to place its negation in the other.

The Liar
Consider the following sentence and call it “the Liar”:

(Liar) (Liar) is false.
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By elementary reasoning, we derive a contradiction from the principle of bivalence (1):
1 (Liar) is either true or false.
2 If (Liar) is true, it is true that: (Liar) is false.
3 If (Liar) is true, (Liar) is false.
4 If (Liar) is false, it is false that: (Liar) is false.
5 If (Liar) is false, (Liar) is true.
6 (Liar) is true if and only if (Liar) is false.

2 and 4 substitute for the name of the sentence / statement / assertion the sentence / statement
/ assertion itself. This is acceptable if “it is true that” is a so-called extensional context.
The crucial steps are from 2 to 3 and, even more so, from 4 to 5. The first step embodies one
direction of the so-called “convention T”, or principle of disquotation:

(T) It is true that p if and only if p.

By the left-to-right direction of (T), we move from “it is true that: (Liar) is false” to “(Liar) is
false”.
The step from 4 to 5 uses the principle of bivalence a second time, inferring truth of falsity of
falsity. If we make the weaker assumption that falsity means truth of the negation, we need
another principle, the principle of the excluded middle to secure this step:

4 If (Liar) is false, it is false that: (Liar) is false.
4+ If (Liar) is false, it is true that: it is not the case that (Liar) is false.
4 ++ If (Liar) is false, it is true that: (Liar) is true.
5 If (Liar) is false, (Liar) is true.

Another, perhaps more direct way from to 5 is via the right-to-left direction of (T):
5− If (Liar) is false, it is true that: (Liar) is false.
5 If (Liar) is false, (Liar) is true.

The step from 5− to 5 is intuitively motivated thus: “if (Liar) is false, then the world is as (Liar)
says it is, hence (Liar) is true”.

The Strengthened Liar
Could we treat the paradox as a reduction to absurdity of the principle of bivalence? One way
to do so is to introduce a third ‘truth value’ (“indeterminate”, “undecided”, “shifty”). Could we
not then just say that (Liar) is neither true nor false but ‘shifty’?
Unfortunately, we cannot. Consider the so-called “Strengthened Liar”:

(Strengthened Liar) (Strengthened Liar) is not true.

Whatever our third truth-value is, it certainly is incompatible with truth. This time, we derive
a contradiction from an even more basic principle, the principle of non-contradiction:

1∗ (Strengthened Liar) is either true or not true.
2∗ If (Strengthened Liar) is true, it is true that: (Strengthened Liar) is not true.
3∗ If (Strengthened Liar) is true, (Strengthened Liar) is not true.
5−∗ If (Strengthened Liar) is not true, it is true that: (Strengthened Liar) is not true.
5∗ If (Strengthened Liar) is not true, (Strengthened Liar) is true.
6∗ (Strengthened Liar) is true if and only if (Strengthened Liar) is not true.
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A Spicy Curry
A related, though different semantic paradox is Curry’s:

(Sam) If (Sam) is true, the moon is made of cheese.

We derive an obviously false assertion about the constitution of the moon as follows:
1 Let us suppose that (Sam) is true.
2 (Under this supposition:) It is true that: if (Sam) is true, the moon is made of cheese.
3 (Under this supposition:) It is true that: (Sam) is true and if (Sam) is true, the moon is made of cheese.
4 (Under this supposition:) It is true that: the moon is made of cheese.
5 If (Sam) is true, the moon is made of cheese.
6 (Sam) is true.
7 The moon is made of cheese.

1 is surely innocuous: given that we understand the sentence, why should we not be able to
suppose it to be true? The step to 2 is quite unproblemativ too: we just substitute the sentence
for its name. 3 appears equally unproblematic: certainly the supposition itself is true under that
supposition!
The steps from 3 to 4 and from 5 and 6 to 7 are two applications of an inference rule logicians call
“modus ponens”. It’s the rule that drop the antecedent of a so-called ‘material conditional’ once
it has been established as true. This inference rule, within or outside of suppositional reasoning,
is certainly unproblematic (indeed, ‘blind’ acceptance of it has been taken to be a hallmark of
semantic competence with “if …then”!).
The step from 4 to 5 discharges the supposition by conditionalising on it: if, under the supposition
that p, I have shown that q, I can summarise my findings as “if p then q”, the conditional not
standing under any supposition.
The step from 5 to 6 again uses the right-to-left direction of the principle (T) above: 5 is what
(Sam) says, so it implies its truth.

Having fun with liars and curries
Consider the ‘paradox of the seducer’, which consists in a series of two questions, which have to
be answered by “yes” or by “no”:

• Will you give the same answer to this and to the next question?
• May I have a kiss?

No matter what the answer is to first question, the answer to the second (arbitrary) question is
“yes”.
Try your hand at some of these – cf. problem sets 1, 2, 3 and 4. The questions are from Raymond
Smullyan, who has written a lot of books full of funny logic puzzles:
“What is the Name of this Book? The Riddle of Dracula and Other Logical Puzzles”, (1978)
“This Book Needs No Title. A Budget of Living Paradoxes”, (1980)
“5000 B.C. and other Philosophical Fantasies”, (1983)
“Lady or the Tiger? And Other Logic Puzzles Including a Mathematical Novel That Features

Gödel’s Great Discovery ”, (1982b)
“Alice in Puzzle-Land. A Carrollian Tale for Children Under Eighty ”, (1982a)
“Satan, Cantor, and Infinity and Other Mind-Boggling Puzzles ”, (1992)
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“The Riddle of Scheherazade: And Other Amazing Puzzles, Ancient & Modern ”, (1997)
“The Magic Garden of George B. and Other Logic Puzzles ”, (2007, 2nd ed. 2015)
“King Arthur in Search of His Dog and Other Curious Puzzles ”, (2010)

“Alice in Puzzle-Land”, (1982a) is perhaps the best.
To give you an impression, here’s the beginning of the first of the books cited above:

1. Was I Fooled?
My introduction to logic was at the age of six. It happened this way: On April 1,
1925, I was sick in bed with grippe, or flu, or something. In the morning my brother
Emile (ten years my senior) came into my bedroom and said: “Well, Raymond, today
is April Fool’s Day, and I will fool you as you have never been fooled before!” I waited
all day long for him to fool me, but he didn’t. Late that night, my mother asked
me, “Why don’t you go to sleep?” I replied, “I’m waiting for Emile to fool me.” My
mother turned to Emile and said, “Emile, will you please fool the child!” Emile then
turned to me, and the following dialogue ensued:
Emile: So, you expected me to fool you, didn’t you?
Raymond: Yes.
Emile: But I didn’t, did I?
Raymond: No.
Emile: But you expected me to, didn’t you?
Raymond: Yes.
Emile: So I fooled you, didn’t I!
Well, I recall lying in bed long after the lights were turned out wondering whether or
not I had really been fooled. On the one hand, if I wasn’t fooled, then I did not get
what I expected, hence I was fooled. (This was Emile’s argument.) But with equal
reason it can be said that if I was fooled, then I did get what I expected, so then, in
what sense was I fooled. So, was I fooled or wasn’t I? (1978, 3–4)

The Sorites paradox
Here’s a way of showing that everyone is bald, no matter how hairy their head is:

1 A person with 0 hair is bald.
2 If a person with n hairs is bald, then a person with n+ 1 hairs is bald too.
3 A person with a billion hairs is bald.

What makes this argument really problematic is the possibility of arguing in the reverse direction
thus:

1 A person with a billion hairs is not bald.
2 If a person with n hairs is not bald, then a person with n− 1 hairs is not bald either.
3 A person with a billion hairs is bald.

Both arguments are inductive: we have an anchor for the induction (1), which is as uncontrover-
sial as it gets, and inductive step 2, the plausibility of which relies, apart from the supposition
(which we may make in this context) that nothing else matters to baldness than the number of
hairs, on the crucial assumption that small differences in the number of hairs do not make a
difference with respect to baldness. This crucial premise is sometimes taken to be the hallmark
of predicates that are vague.

F is vague :⇔ ∃x(¬Det(Fx) ∧ ¬Det¬(Fx))
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“Det” here stands for the “it is determinately the case …” operator, and the x in question is
called a “borderline case” for F . The intuitive idea is that a sharp predicate G divides its range
of applicability into two jointly exhaustive groups – those that are G and those that are not G.
A vague predicate, by contrast, leaves some cases undecided; it has borderline cases that are
neither clearly in one nor clearly in the other group.
There is a life question where the source of vagueness, for some specific group of predicates, lies.
Roughly, we can distinguish three types of diagnosis:

• According to the semantic conception of vagueness, vagueness is primarily a linguistic
phenomenon: for practical or other reasons, the linguistic community has not specified the
meaning, i.e. the range of applicability, of vague predicates fine-grainedly enough: it has
left the borderline cases undecided.

• According to the epistemic conception of vagueness, vagueness is primarily an epistemic
phenomenon: even though vague predicates do trace sharp boundaries, we are, de facto or
for principled reasons, ignorant of these boundaries.

• A third, rather heterodox conception locates vagueness in the world: there are no sharp
boundaries for vague predicates to latch on, the world itself leaves some matters of baldness
undecided.

The most pressing problem for the semantic conception is to provide a semantics for the undecided
cases. Introducing a third truth-value (“undecided”, “unsettled”) runs the risk of falling prey to
higher-order vagueness: not only does the vague predicate itself not trace sharp boundaries (and
so leave room for borderline cases), the borderline region itself has vague boundaries (this may
be put as the claim that not only F , but also DetF is a vague predicate). The most popular
solution to this problem is to redefine truth rather than to introduce a third truth-value. In
such so-called “super-valuationist” theories, truth is a matter not of valuation (attribution of the
predicate itself to some individual), but of a super-valuation, attributions of precisified predicates
to individuals.
For baldness, e.g., precisified predicates would specify the exact number of hairs. We then call
a predicate F super-true of some individual a if all its precisifications are true (in the ordinary
sense) of a, super-false if all precisifications are false. The theory may thus preserve bivalence
for the precisifications and hence make it super-true (true on all precisifications) that every
individual is either F or not F but not both.
The main advantage of the epistemic conception is that it straightforwardly ‘solves’ the paradox
by rejecting the induction premise, while still explaining its attractiveness.
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